We announce the resolution of a number of outstanding questions regarding real and complex Chebyshev (supremum norm) approximation by rational functions on a disk and on an interval. The proofs consist mainly of symmetry arguments applied to explicit examples. The most important results: complex rational best approximations on a disk are in general not unique; real functions on an interval can in general be approximated arbitrarily much better by complex rational functions than by real ones. Details will appear in [3, 8] .
1
We announce the resolution of a number of outstanding questions regarding real and complex Chebyshev (supremum norm) approximation by rational functions on a disk and on an interval. The proofs consist mainly of symmetry arguments applied to explicit examples. The most important results: complex rational best approximations on a disk are in general not unique; real functions on an interval can in general be approximated arbitrarily much better by complex rational functions than by real ones. Details will appear in [3, 8] .
1. Notation. Define A = {z: \z\< 1}, A& = {ƒ : continuous on A, analytic in the interior}, ||ƒ ||A = sup{| f(z)\ : z G A}. Let m > 0, n > 1 be integers (all questions considered below become trivial for n -0), and let jR mn be the space of complex rational functions of type (ra, n). Define It is known that these infima are attained (proof by a normal families argument due to Walsh [10] ), and we let iV mn (/; A) and N 2. Nonuniqueness. It is a classical result due to Achieser that N^^f'jl) = 1 for all m, n and all ƒ G A}. But Lungu [4] (on proposal of A. A. Gonëar) and independently Saff and Varga [6, 7] found that for all m and n there exists ƒ G A} with E mn (f;I) < £'J nn (/;7), so that by symmetry necessarily N mn (f)I) > 2. Ruttan [5] even gave an example with Nu(f;I) = oo. However, the analogous questions for the disk have been open [2, 9] . We claim [3] : (We believe that the assertion of Theorem 2 probably holds for arbitrary m and n.) For (ra,n) = (0,1) and K = 2, these claims can be established as follows. The function ƒ(z) = z + z z attains maximum modulus at the points ±1, with /(I) = -ƒ(-1) = 2. An approximant from R^ with no pole on A must have the same sign at -1 as at +1, which implies that 0 is a BA in R These theorems are proved by picking ƒ as in the nonuniqueness proofs such that r p = 0, but such that r* has a pole. One then shows that as e -• 0 this pole approaches the origin, which implies r\-/>r p .
4. Degree of approximation. Since E <E r can occur on both I and A, it is natural to ask whether the ratios
ff mn (/;A) 7 ™ feAr^E^f-jy 7 ™ /€ Ai\^m w BU(/;A) are zero or positive, and if positive, how small. Such a question was raised by Saff and Varga for the interval / [6, 7, 8] and considered further by Bennet, Rudnick, and Vaaler, and by Ruttan [5] in the case m = n = 1 and by EUacott [2] in the case m>n. No examples have been found heretofore with E/E r < 1/2, but we claim [8] THEOREM 6. 7^n = 0 forn>m + 3. We suspect that the result of Theorem 6 is sharp.
CONJECTURE. ^m n = 0 if and only ifn>m + 3.
5. General regions. The same ideas can be applied to obtain various results for approximation on more general regions in C. For example, let Q be a Jordan region with Q = Ö whose boundary dQ is differentiable at its two points of intersection with R, hence forms a right angle to R at these points. Then Theorem 7 (hence also Theorems 1, 2) extends as follows [8] :
On the other hand Theorem 8 can also be generalized. NOTE ADDED IN PROOF. Several additional results have been obtained concerning the Padé and best approximation questions discussed in §3. In particular, further explicit examples show that r* eJ -/> r v and r* 7 7^ r v can occur even for real approximation of real functions; thus the result of [1] quoted above is false. These matters will be discussed in a future publication.
